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Semi-conductor crystals for light 
 
The smallest dielectric – lossless structures to  
control whereto and how fast light flows 
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Metal:   brute force material resonance  for  
  - huge |ε| 
  - negative  ε 
 
Dielectrics:   - small |ε| only 
  - and it has the wrong sign to trap light.... 
 
 
 
Dielectrics need smarter ideas.... 
 
 



Problem with trapping light 

Schrödinger equation 

Confined states U < V 

Scalar wave equation for light  
  

V < U 

Light states are always above the potential maximum in dielectrics 
Trap requires either interference or negative e (metals ⇒ plasmonics) 
  
 



Definition 
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Definition: 
 
A photonic crystal is a periodic arrangement with a ~ λ  
of a dielectric material 
that exhibits strong interaction with light  - large ∆ε 



1D: 
 Bragg Reflector 

Examples 

2D:  
Si pillar crystal  

3D:  
Colloidal crystal 



Bragg diffraction 
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Bragg mirror 
Antireflection coatings (Fresnel equations) 

Bragg’s law: 

 

2naveragedcos(θ) = mλ

Each succesive layer gives  
phase-shifted partial reflection 
 
Interference at Bragg’ condition 
yields 100% reflection 
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1D   stacks  -   getting familiar with bands and stop gaps 
 
 
> 1D stacks   -   lattices 
  -   reciprocal lattices 
  -   Blochs theorem 
  -   Band structures  



Scalar two-band model 
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Scalar wave equation: 

Simplest periodic dielectric constant: 

Solution Ansatz: 

Now equate equal exponents (left-inner product) 



Scalar two-band model 

Now equate equal exponents (left-inner product) 

This linear 2x2 matrix equation yields: 
(1) Eigen values – dispersion relation between ω an k 
(2) Eigen vector – field distribution 

 



Gap at the Bragg condition 
Solve for ω at the band edge  k=G/2, set det[.]=0 

Solve for eigen-ω at the band edge  k=G/2, set det[.]=0 



Around the Bragg condition 
Solve for ω at the band edge  k=G/2, set det[.]=0 

Solve for eigen-ω around the band edge  k=Dk + G/2  

Book keeping exercise… 



Dispersion relation 

 
 

n1 n2 n1 n1 n1 n2 n2 

n1: high index material 
n2: low index material 

Stop gap 

wave vector k 
0 π/a 

standing wave in n1 

standing wave in n2 

n
ck=ω



At which frequency is the gap ? 
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Solve for ω at the band edge  k=G/2, set det[.]=0 

Solve for eigen-ω at the band edge  k=G/2, set det[.]=0 

The gap occurs at normal  
incidence Bragg condition 



How wide is the gap ? 
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The relative gap width increases linearly with difference ∆ε 
 

In general you have  

But a Fourier series 
Choice of  
materials 

Choice of geometry 
Indicator function 

In which case 
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How would you optimize the gap ? 

•  Interchanging ε1 and ε2 only changes 
 

•  Low     favors  high width 
 

•  Maximize      while keeping    low 
   
•  Saturation at large ε1 / ε2 
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Inverse opals 

fcc opal of PS spheres 
infill high n 
material 

remove 
template 

fcc air spheres in solid matrix 

Opal:  ∆ω/ω = 6%  -  lots of moderate ε =2.25 material 
 
Inv. Opal: ∆ω/ω = 11% - 90%  air in  ε=6.5 host 



Conclusions 1D stack 
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n1 n2 n1 n1 n1 n2 n2 

Stop gap 

0 π/a 

standing wave in n1 

standing wave in n2 

Light can propagate into/through 1D stacks, except around  
- a stop gap around the Bragg condition 
- in a frequency interval of width   

At the band edge:  standing waves that stand still 
In the band edge:   no propagating states at all  



Reflectivity of a 1D periodic system 
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z=0 z=d 

Note how 



Reflectivity of a 1D periodic system 
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z=0 z=d 

Note how 



Reflectivity of a 1D periodic system 
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z=0 z=d Characteristic matrix:   
take field from left to right interface 
 



Reflectivity of a 1D periodic system 
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z=0 z=d1 z=d1+d2 

Transfer matrices:   
Multiply from layer to layer 

M1 .M2 



Suppose two layers is one unit cell 
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M=(M1 .M2)N 



Dispersion relation  

23 

 
 
Determinant of a single layer characteristic matrix is det(M1)=1 
 
So, also,  det (M1x M2) =1 
 
Remember det (A) = product of eigenvalues 
 
M has eigenvalues  λ1 = 1/λ2 = eiKd 
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Suppose  With det (M)=1 

Now remember 
 

Trace  = sum of eigenvalues: 
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Now remember 
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Κ [π/d] 
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/λ
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Hey,  hang on -  why is that band “folded back” ? 
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Note how this definition is agnostic  to   
 
K   ->   K + 2π/d 
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Folding bands of 1D system 
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wave vector k 

0 π/a -π/a 

Bloch wave with wave vector k is equal to Bloch 
wave with wave vector k+m2π/a 
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Folding bands of 1D system 
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ω

 

wave vector k 

0 π/a -π/a 

Bloch wave with wave vector k is equal to Bloch 
wave with wave vector k+m2π/a 

       
     

2π/a 2π/a 
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There is no point in repeating 
beyond 1st  BZ 
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wave vector k 

0 π/a -π/a 

Central part of diagram: “1st Brillouin Zone” 

       
     

2π/a 
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Κ [π/d] 
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Im[K] 

In the stop gap: 
 
Re k  = fixed at π/d 
 
Im k:  exponential damping 



Conclusions 1D stack 
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n1 n2 n1 n1 n1 n2 n2 

Stop gap 

0 π/a 

standing wave in n1 

standing wave in n2 

Light can propagate into/through 1D stacks, except around  
- a stop gap around the Bragg condition 
- in a frequency interval of width   

At the band edge:  standing waves that stand still 
In the band edge:   no propagating states at all  



Finite stack reflectivity 
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M=(M1 .M2)N 

Now go back to definition 

Easy problem to program in mathematica/matlab... 1 
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3 unit cells 6 unit cells 

Reflectivity (n1=1, n2=1.5) 
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d/λ 
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Dielectric mirror 

R arbitrarily close to 100%,  independent of index contrast 
(N-1) end-facet Fabry Perot fringes 
 

12 layers 
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Applications 

- High power application mirrors 
- Bandpass filters with very sharp lines 
 

- Mirror optics in regions where no good metal mirrors are  
  available 
 
 
The reason Intel & ASML invest  > 500 Meuro 
Extreme UV lithography 
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DIFFER.NL 
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Now for the real stuff 
 
Beyond 1D 
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